The work presented in this paper is concerned with the development, calibration and validation of a finite-element model of dry sliding wear in metals. Sliding wear here refers to the type of wear generated by the sliding of one solid surface against another. Dry signifies that there is no lubrication. The model is formulated within a Lagrangian framework capable of accounting for large plastic deformations and history-dependent material behavior. We resort to continuous adaptive meshing as a means of eliminating deformation-induced element distortion, and of resolving fine features of the wear process such as contact boundary layers. Other features of the numerical model include: surface evolution due to wear; finite-deformation J 2 thermoplasticity; heat generation and diffusion in the bulk; non-equilibrium heat-transfer across the contact interface; and frictional contact.
Introduction
The work presented in this paper is concerned with the development, calibration and validation of a finite-element model of dry sliding wear in metals. Sliding wear here refers to the type of wear generated by the sliding of one solid surface against another. Dry signifies that there is no lubrication. The model is formulated within a Lagrangian framework capable of accounting for large plastic deformations and history-dependent material behavior. We resort to continuous adaptive meshing as a means of eliminating deformation-induced element distortion, and of resolving fine features of the wear process such as contact boundary layers. Other features of the numerical model include: surface evolution due to wear; finite-deformation J 2 thermoplasticity; heat generation and diffusion in the bulk; non-equilibrium heat-transfer across the contact interface; and frictional contact.
We assume that the wear rate obeys Archard's law. However, we have generalized Archard's law by allowing the hardness of the soft material to be a function of temperature. This dependence provides a means of modeling the sharp transition in the wear rate which is observed to occur in some materials systems at a critical speed. Lancaster (1963) speculated that this transition is linked to the level of oxidation of the metals in contact. At high speeds, which imply high temperatures, the oxidation rate increases and the protective oxide layer regenerates faster than it is removed by wear. Mixing of oxides with the primitive materials is also observed in the boundary layer. The proposed Finite-element modeling of dry sliding wear 593 dependence of the hardness H on temperature T indirectly models the oxidation and other chemistry effects as well as the mixing which occurs in the softer material. In particular, the function H(T) reflects the experimentally observed transition temperature T c which separates the regimes of severe wear at low speeds to mild wear at high speeds. The paper is organized as follows. A brief description of the computational framework, with particular emphasis on surface effects and such mechanisms as strongly influence ± or are influenced by ± wear, is presented in section 2. The model is then calibrated and validated against the experimental observations of Lancaster (Hirst and Lancaster, 1960; Lancaster, 1963 ). Lancaster's experiments concern the wear of a 60-40 brass pin (C37700) set against a rotating high-strength steel disk. Lancaster reported the wear rate of the brass pin for different speeds of rotation, along with a wealth of other observational evidence. The results of the validation tests are reported in section 3. The ability of the full three-dimensional finite-element model to capture the transition from severe wear to mild wear beyond a critical speed, and to resolve fine three-dimensional features of the wear process such as the thermomechanical boundary layer and leading-edge effects, is noteworthy.
Computational framework
All calculations are carried out in a Lagrangian mode with continuous adaptive remeshing as the means of eliminating deformation-induced element distortion, minimizing the numerical error, and resolving fine features of the solution such as mechanical and thermal contact boundary layers. The computational framework can be divided into four major components: the contact, friction and wear algorithm; the heat transfer model; the constitutive model; and the adaptive meshing algorithm. A brief description of these models and algorithms is given next, with particular emphasis on surface effects and such mechanisms as strongly influence ± or are influenced by ± wear.
Wear
We have chosen to use the conventional and well-established Archard's law of wear (Archard, 1953) , which gives the wear rate w (height loss per unit time) through the relation:
where v is the sliding speed, p is the applied pressure, H is the hardness of the softer material (brass in the simulations reported subsequently), and K is the wear coefficient, a constant which ranges from 10 ± 3 to 10 ± 7 W/mK for typical materials systems.
The experimental observations of Lancaster (Hirst and Lancaster, 1960; Lancaster, 1963) shed additional light on the variation of the various parameters in Archard's law (1). The experiments concern the wear of a brass pin set against a rotating steel cylinder. The experimental set up is shown in Figure 1 , where C denotes the brass pin, B the steel cylinder and A is the rotating shaft. A pressure is applied at the top of the pin in order to press it against the rotating cylinder.
Of particular interest are the wear rates reported by Lancaster (Hirst and Lancaster, 1960; Lancaster, 1963) for different angular and sliding velocities. Thus, the four curves A, B, C, and D in Figure 2 refer to different values of applied pressure. It is evident from these curves that there is a marked transition in the wear rate at a sliding speed of approximately 8m/s. Under 8m/s a regime 
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of severe wear is observed, whereas above 8m/s the wear rate is considerably less. Lancaster further observed that the temperature at the interface for the four transition points (A, B, C, D) in Figure 2 was approximately 2708C. This suggests that the temperature at the transition is ostensibly constant and independent of the applied pressure and the sliding speed. Lancaster speculated that the transition from severe to mild wear is linked to the level of oxidation of the metals in contact. At high speeds, which imply high temperatures, the oxidation rate increases. The protective oxide layer regenerates faster than it is removed by wear. Figure 3 (reproduced from Lancaster (1963) ) illustrates the complexity of the chemistry involved in wear. The top figure shows a photograph of a tapered-section of the brass pin, and the graph below is a plot of the hardness of the brass against depth from the contact surface. As may be seen from this plot, the hardness decreases with depth. Close to the interface, the hardness is high and comparable in magnitude to the hardness of steel. The dashed lines separate the different observable layers of the brass. However, it should be carefully noted that these layers are not made of pure brass. Indeed, the layer immediately adjacent to the contact region is a complex mixture of oxides, steel, and brass ( Figure 3) .
Evidently, the transition from severe to mild wear is an important phenomenon which requires careful modeling. We propose to account for the chemistry and mixing attendant to wear by the simple device of letting the hardness H of the soft material in Archard's law, equation (1), be a suitable function of temperature. The dependence of the hardness on temperature indirectly models the oxidation and other chemistry effects, as well as the mixing which occurs in the softer material. In particular, the function H(T) should reflect the existence of a transition temperature T c , the steady decrease in the hardness (increase in the wear rate) up to T c , and the sudden and sharp increase in the hardness (decrease in the wear rate) for temperatures higher than T c . The calibration of the function H(T) for the brass/steel system tested by Lancaster is described in detail in section 3.2.
Contact and friction
Contact and friction must carefully be accounted for in a wear simulation. The contact/friction algorithm enforces the impenetrability constraint, and determines the frictional forces and the extent of frictional dissipation, which is in turn fed into the energy equation as heat. An additional by-product of the contact algorithm is the contact pressure required to evaluate Archard's law and to compute the wear rate. Owing to the simple contact geometries considered here, we adopt a conventional master/slave approach with a predictor/corrector split within the Newmark time-stepping algorithm. A more general algorithm applicable to complex nonsmooth contact situations may be found elsewhere (Kane et al., 1998) .
The predictor part of the Newmark algorithm neglects the contact constraints and, therefore, consists of an unconstrained step, with the result: 
This predictor solution needs to be corrected in order to comply with the impenetrability constraints. The net result of imposing these constraints is a set of self-equilibrated contact forces that modify the predictor positions and velocities. Since the contact surfaces are presumed smooth, normals are welldefined and the surfaces can be unambiguously classified as master and slave. The final corrector configuration is, therefore:
Here M ( ) denotes the nodal mass and the superscripts ( ) M and ( ) S designate the nodes which belong to the master and slave surfaces, respectively. It bears emphasis that the master and slave nodal subsets are strictly disjoint. Finally, the vectors N and F are the normal and frictional forces, respectively.
The centerpiece of the algorithm is the formulation of an appropriate system of normal and frictional forces. To this end, consider the configuration shown in Figure 4 , in which a master surface triangle is penetrated by several slave nodes. For each of the penetrating slave nodes, let¯be the normal depth of penetration to be corrected by the contact forces. Each slave node additionally defines a relative velocity v r with respect to the penetration point. This relative velocity is used to compute the frictional forces. The contact/friction constraints determine a local problem with the normal and frictional slave and master forces as unknowns. The normal slave force is obtained from conservation of linear momentum as a direct function of the penetration¯and the master normal, n. The frictional slave force is assumed to lie on the master plane in the direction of the relative velocity, and its magnitude is given by the frictional law as a function, e.g. of the pressure, relative sliding velocity and temperature. These assumptions lead to the expressions:
The master forces are given by carefully enforcing conservation of linear and angular momentum, which results in a system of equations per master triangle of the form:
The contact pressure is computed simply node per node as N/A, where A is a tributary area of the node. This contact pressure is used to evaluate Archard's law (equation (1)). The heat generated by friction is also computed as the work done by the relative sliding velocities against the frictional forces over a time step. It bears emphasis that the approach just described improves on other master/slave predictor/corrector contact/friction algorithms which do not exactly conserve linear and angular momenta. It should also be pointed out that, owing to the explicit treatment of the dynamics and the master/slave approach adopted, each slave node defines a simple local problem which can be solved independently of the rest. This property renders the algorithm ideally suited for parallel processing.
Thermal effects
Wear involves a number of strongly interacting mechanical and thermal processes. In calculations, we account for thermomechanical coupling and the interaction between wear, friction, temperature and plasticity. The heat produced by friction and plastic work acts as a source for the thermal problem. The corresponding thermal softening and the mass loss due to wear in turn influence the mechanical problem. Finally, wear is a function of the sliding Finite-element modeling of dry sliding wear 599 velocity, contact pressure, and hardness. Since, in addition, the hardness is a function of the temperature, wear rates are themselves tightly coupled to the mechanical and thermal fields. The details of the numerical approach used to account for thermomechanical coupling may be found elsewhere (Marusich and Ortiz, 1995; Camacho and Ortiz, 1997 ). Here we restrict ourselves to noting the main sources of heat accounted for in calculations. During the wear process, a substantial amount of heat may be generated as a result of plastic working. The corresponding rate of heat supply per unit volume may be written in the form:
where _ W p is the plastic power per unit deformed volume, and is the fraction of plastic work converted into heat. The coefficient is known to be a strong function of deformation for some materials (Mason et al., 1994) . Here, however, we treat as a constant for the sake of simplicity. In addition, the rate at which heat is generated per unit area as a result of friction is:
where t is the contact traction vector and ‰‰vŠŠ denotes the velocity jump across the contact surface. If, in addition, we assume Coulomb friction, equation (10) becomes:
where · is the friction coefficient, p the applied pressure, and v the sliding velocity. The heat h is apportioned to the bodies in contact in accordance with the relation (Grigull and Sandner, 1984 ) (see Figure 5 ):
where the labels 1 and 2 refer to the bodies in contact and:
is the fraction of the work of friction which is transferred to body 1. In equation (14), {» 1 , » 2 } are the mass densities, {c 1 , c 2 } are the heat capacities, and {k 1 , k 2 } are the thermal conductivities of the bodies in contact. The heat flux q across the interface between the bodies in contact also needs to be carefully quantified. Following Wriggers and Miehe (1994) we write:
where H is the hardness of the softer material, h c and°are interfacial parameters, and T 1 and T 2 are the temperatures of the bodies in contact. The term (p/H)°is an estimate of the true area of contact. Thus, an increase in p is assumed to result in a decrease in the number of air-filled gaps, which act as insulators, and, correspondingly, in an increase in the contact area, with the attendant increase in the thermal conductivity across the interface. The mechanical and thermal field equations are coupled in two different ways. The mechanical response feeds into the thermal equations through the heat generation mechanisms expressed in equatiions (9) and (10). The reverse coupling comes from the softening effect of temperature on the yield stress. A staggered procedure is adopted in order to account for this two-way coupling (e.g. Park and Felippa, 1983; Lemonds and Needleman, 1986; Marusich and Ortiz, 1995; Camacho and Ortiz, 1997 ). An isothermal explicit dynamics step is first taken, based on the current distribution of temperatures, leading to an update of all mechanical variables. Since the temperatures are held constant throughout this step, they enter the constitutive relations as a parameter. The heat generated is computed from equations (9) and (10) and used to compute the heat source array energy-balance equation. A rigid-conductor forward-Euler step is then taken at constant mechanical state, leading to a new temperature distribution. In the applications of interest here, the mechanical equations always set the critical time step for stability (e.g. Hughes, 1983 Hughes, , 1987 Belytschko, 1983) .
The duration of a typical wear experiment is 40 minutes to an hour. The total sliding distance ranges from a few hundred meters to several kilometers. Owing to these long durations, the initial short transient may be safely neglected, and steady-state conditions may be assumed to prevail throughout the calculation to a good approximation. Under steady-state conditions the heat supply to both bodies, h 1 , h 2 and q is independent of time. The corresponding temperature profiles T 1 and T 2 in the bodies may be estimated by an application of Jaeger's formula (Jaeger, 1942) for a moving line source on a semi-infinite body. Once determined, the steady-state temperature profiles are set as initial conditions for the calculation.
Finite-element modeling of dry sliding wear 601
Constitutive model
The boundary layer that develops between bodies in contact may be expected to undergo very large plastic deformations. In order to account for this effect, we adopt a standard formulation of finite-deformation plasticity based on a multiplicative decomposition of the deformation gradient into elastic and plastic components. We further assume J 2 plasticity and an isotropic hardening law of the form (e.g. Cuitin Ä o and Ortiz, 1992; Marusich and Ortiz, 1995; Camacho and Ortiz, 1997) :
Here, · ¼ is effective Mises stress;°p the effective plastic strain; _°p the effective plastic strain rate;°p 0 a reference plastic strain; _°p 0 a reference plastic strain rate; m the rate sensitivity exponent; n the hardening exponent; g the flow stress; ¼ y the initial yield stress; T r e f a reference temperature; T m e lt the melting temperature; and ¬ the thermal softening exponent.
The fully implicit algorithm of Cuitin Äo and Ortiz (1992) is employed to perform the constitutive updates. Cuitin Äo and Ortiz's algorithm furnishes a material-independent extension of small-strain updates into the finite deformation range. This considerably simplifies the implementation of the constitutive models, which need only to be implemented for small strains.
Adaptive remeshing
When Lagrangian methods are applied to problems involving unconstrained plastic flow, the mesh may become heavily distorted, which in turn may result in large errors and poor element performance. Furthermore, in the presence of wear the surfaces of the bodies in contact recede as a consequence of mass loss, and sharp thermal and plastic boundary layers develop near the contact. Adaptive remeshing provides a means of eliminating deformation and wearinduced mesh distortion and effectively resolving multiple scales. The versatility of this computational paradigm has been amply demonstrated in a variety of areas of application, including machining (Marusich and Ortiz, 1995) , ballistic penetration (Camacho and Ortiz, 1997) , and Newtonian fluid flows (Radovitzky and Ortiz, 1998a) .
In the calculations reported here, we have adopted a mesh-adaption strategy based on local, a posteriori error indicators for non-linear dynamic problems developed by Radovitzky and Ortiz (1999) . The method is based on a variational characterization of the incremental boundary value problem, which in turn follows from the variational formulation of constitutive updates (Radovitzky and Ortiz, 1999; Ortiz and Stainier, 1999) . The resulting variational principle may conveniently be taken as an effective basis for asymptotic error estimation. In Radovitzky and Ortiz's (1999) approach, purely local and a posteriori error indicators follow by monitoring a local low-order projection of the finite element solution. This strategy eliminates the need for smoothing projections characteristic of other existing error indicators for linear problems (e.g. Zienkiewicz and Zhu, 1987a,b; Craig et al., 1989) . It has been shown in Radovitzky and Ortiz (1999) that the method results in optimal rates of convergence.
The meshing algorithm proposed by Radovitzky and Ortiz (1998b) is used to automatically generate unstructured tetrahedral meshes, e.g. on remeshing. A conventional boundary representation is adopted as the basis for the description of solids with evolving geometry and topology. The geometry of surfaces is represented either analytically or by piecewise polynomial interpolation. A preliminary surface mesh is generated by an advancing front method, with the nodes inserted by hard-sphere packing in physical space in accordance with a prescribed mesh density. Interior nodes are inserted in a face-centered-cubic (FCC) crystal lattice arrangement coupled to octree spatial subdivision, with the local lattice parameter determined by a prespecified nodal density function. Prior to triangulation of the volume, the preliminary surface mesh is preprocessed by a combination of local transformations and subdivision in order to guarantee that the surface triangulation be a subcomplex of the volume Delaunay triangulation. A joint Delaunay triangulation of the interior and boundary nodes which preserves the modified surface mesh is then constructed via an advancing front approach. The resulting mesh is finally improved on by the application of local transformations. The method exhibits an overall complexity O (N log N) , where N is the number of elements in the mesh, and results in meshes of very high quality (Radovitzky and Ortiz, 1998b ).
An example of an adapted mesh, corresponding to the calculations discussed subsequently, is shown in Figure 6 . The ability of the adaption procedure to resolve the narrow boundary layer adjacent to the wear surface is noteworthy. 
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On the wearing surfaces, the evolution of the faces, surface elements and the corresponding normals is tracked by a surface-evolution algorithm. In particular, the wearing material surfaces move in the reference configuration with a normal velocity equal to the wear rate w. The implementation of the surface-evolution algorithm is based on moving the surface nodes in the reference configuration. In order to prevent degeneracies in the finite elements adjacent to the wearing surfaces when the thickness of the layer removed by wear becomes comparable to the element thickness, the mesh is frequently modified to accommodate the surface wear, i.e. the mesh nodes are repositioned in the reference configuration, by recourse to approximately solving a Laplacian problem.
Finite-element validation
The experimental observations of Lancaster (Hirst and Lancaster, 1960; Lancaster, 1963) provide a convenient basis for the calibration and validation of the finite-element wear model described in the foregoing. The experiments concern the wear of a 60-40 brass pin (C37700) set against a rotating highstrength steel disk.
Problem definition
The geometry of the finite-element model used in calculations is shown in Figure 7 . For simplicity we assume a square cross-section for the pin. The area of this cross-section, which equals 1.6mm 2 , matches exactly the area of the cylindrical pin used by Lancaster in test C (see Figure 2) . A small square coupon of the rotating cylinder is also considered in the analysis. The lateral dimensions and thickness of this coupon are four and two times the side of the pin, respectively. The steel plate is held stationary while the brass moves at a velocity V ranging from 0.2 to 20m/s along the length of the plate. V is applied to the top surface of the pin, and, in addition an initial velocity of the same value is applied to the pin. When the pin reaches the boundary of the steel Figure 7 . Geometry of finite-element model. The brass pin has a velocity V coupon, the speed of the coupon is reversed, with the result that the pin moves back and forth repeatedly over the plate surface. The applied contact pressure is p = 1.82 £ 10 5 Pa. In the application of the contact algorithm, the brass pin is taken as slave and the steel plate as master. For simplicity, we neglect heat losses in the surfaces in contact with air such as may be caused by radiation or convection.
The material parameters used in the calculations are collected in Tables I  and II . The friction coefficient is taken to be · = 0.3.
Calibration of the model
An upper bound for the steady-state temperature in the steel may be obtained by directing all the heat generated by friction into the steel plate, i.e. by setting h 2 = h = ·pv. This upper bound gives a negligible temperature rise of approximately 28C. The temperature elevation in the steel may therefore be safely neglected, and T 2 may be kept equal to the initial temperature T in it i a l = 208C to a good approximation. The implication of this estimate is that, under the conditions of the analysis, the contact area moves so fast that the steel does not have sufficient time to heat up appreciably.
At the steady state: 
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The interfacial parameters h c and°which determine the heat flux q from the brass to the steel, equation (15), may then be estimated simply by fitting the four transition points, A, B, C, D of Figure 2 to equation (19). Lancaster (Hirst and Lancaster, 1960; Lancaster, 1963) reported the temperature at those points to be 2708C. The pressure, velocity, hardness, and steel temperature T 2 are also known. We obtained h c 0.4 £ 10 5 W/km 2 and°= 0.68. Once h c and°are known, we may obtain an estimate of the temperature in the brass at the steady state for any velocity. These estimates were used to properly scale the brass hardness coefficient. Table III contains the values of the wear coefficient over the brass hardness coefficient for the different chosen velocities. The term K/H is part of Archard's law and thus was tabulated in the code as a function of temperature. However, the function H(T) may be constructed by fixing the wear coefficient K.
Numerical results
Nine calculations at speeds ranging from 0.2 to 20m/s were carried out. The physical time duration simulated in each calculation is 1ms. A typical calculated mass-loss curve is shown in Figure 8a . The slope of this curve gives the wear rate. Despite the modest net mass loss, a careful examination of Figure 8a reveals some noteworthy features. First, the oscillations of the curve at the beginning of the simulation may be noted. These oscillations arise from inertial effects due to the instantaneous application of pressure to the brass pin. The wear rate stabilizes and shows a smooth variation as soon as the waves in the brass are damped out. One effect of the initial inertial effects is to increase the wear rate by approximately 20 percent relative to the subsequent steady wear rate, which is ostensibly constant. Figure 8b plots the steady wear rate vs. speed for the nine calculations conducted. As may be seen from this figure, the transition from severe wear to mild wear is well captured by the model. However, the calculated wear rates are systematically 10 percent higher than experiment. The offset comes from threedimensional effects not accounted for in the calibration of the model. Thus, Figure  9 shows contour levels of the wear rate for two different speeds: 1m/s, leading to severe wear; and 10m/s, corresponding to mild wear. A marked leading-edge effect Finite-element modeling of dry sliding wear 607 is observed in both cases. Thus, the pressure is higher at the leading edge of the brass than the average contact pressure, which results in higher wear rates and mass loss. Indeed, the wear rate on the leading edge may be up to 500 times larger than on the trailing edge. The ability of the full three-dimensional finite-element model to resolve these fine features of the wear process is particularly noteworthy. It should also be noted that the calibration of the function H(T) can be further refined ± and the match between simulation and observation improved ± by interaction based on the results of the calculations. However, this avenue will not be pursued here. 
Summary and conclusion
A finite-element model of dry sliding wear in metals has been presented. The model is formulated within a Lagrangian framework capable of accounting for large plastic deformations and history-dependent material behavior. We resort to continuous adaptive remeshing as a means of eliminating deformationinduced element distortion, and of resolving fine features of the wear process such as contact boundary layers. Indeed, the ability of the adaption procedure to resolve the narrow boundary layer adjacent to the wear surface is noteworthy.
Other features of the numerical model include: surface evolution due to wear; finite-deformation J 2 thermoplasticity; heat generation and diffusion in the bulk; non-equilibrium heat-transfer across the contact interface; and frictional contact. Particular attention has been devoted to a generalization of Archard's law in which the hardness of the soft material is allowed to be a function of temperature. Lancaster (1963) speculated that the transition from severe to mild wear is linked to the level of oxidation of the metals in contact. At high speeds, which imply high temperatures, the oxidation rate increases and the protective oxide layer regenerates faster than it is removed by wear. Mixing of oxides with the primitive materials is also observed in the boundary layer. The proposed dependence of the hardness of temperature indirectly models the oxidation and other chemistry effects as well as the mixing which occurs in the softer material. In particular, the function H(T) reflects the experimentally observed transition temperature T c which separates the regimes of severe wear at low speeds to mild wear at high speeds.
The model has been validated against the experimental test of Lancaster (1963) , consisting of a brass pin rubbing against a rotating steel plate. The transition from severe wear to mild wear beyond a critical speed is well captured by the model. The calculations additionally reveal marked leading-edge effects. In particular, the pressure is higher at the leading edge of the brass than the average contact pressure, which results in higher wear rates and mass losses. Indeed, the wear rate on the leading edge may be up to 500 times larger than on the trailing edge. The ability of the full three-dimensional finite-element model to resolve these fine features of the wear process is particularly noteworthy.
Interestingly, the observed transition sliding velocity falls within the range of tool/stock sliding velocities characteristic of high-speed machining. The existence of a transition velocity in the wear rate may therefore be exploited to design highspeed machining operations for minimum tool wear and best surface finish.
